Abstract. We exhibit a Cremona transformation of 4 such that the base loci of the map and its inverse are birational to K3 surfaces. The two K3 surfaces are derived equivalent but not isomorphic to each other. As an application, we show that the difference of the two K3 surfaces annihilates the class of the affine line in the Grothendieck ring of varieties.
Introduction
Let X be a smooth complex projective variety that is rational, i.e., admits a birational map ̺ : r X where r = dim(X). The map ̺ blows up various subvarieties of r -to what extent are these determined by X? We can always precompose ̺ by a birational automorphism of r (i.e., a Cremona transformation) so we must take this into account.
For small dimensions these subvarieties are determined by X. When r = 1, ̺ extends to an isomorphism; if r = 2, ̺ is resolved by blowing up points in 2 . The case of threefolds was analyzed by Clemens and Griffiths [CG72] . We may assume that ̺ (resp. ̺ −1 ) is resolved by blowing up a finite number of points and nonsingular irreducible curves; let C 1 , . . . , C k (resp. D 1 , . . . , D l ) denote those of positive genus. Comparing the Hodge structures on middle cohomology groups using the blow-up formula, we obtain an isomorphism of principally polarized abelian varieties:
The factors are Jacobians of curves and the intermediate Jacobian of X. Principally polarized abelian varieties admit unique decompositions into irreducible factors and the Jacobian of a curve is irreducible with respect to the natural polarization. It follows that J(X) can be expressed as a product of Jacobians of curves C i 1 , . . . , C i t , {i 1 , . . . , i t } ⊂ {1, . . . , k}, and these curves are determined up to isomorphism by the Torelli Theorem.
Therefore, we focus on fourfolds and their middle cohomology. Suppose that a smooth projective surface Σ is contained in the base locus of ̺. The blow-up formula gives a homomorphism of Hodge structures β : H 2 (Σ, )(−1) → H 4 (X, );
can we recover Σ from its image? Keeping track of divisor classes of Σ is complicated, as they might disappear under subsequent blow-downs. Thus all we can expect to recover is the transcendental cohomology T (Σ) ⊂ H 2 (Σ, ). Mukai and Orlov [Orl97] have shown that K3 surfaces offer many examples of non-birational surfaces R andR with T (R) ≃ T (R) as integral Hodge structures. These are explained through the notion of derived equivalence. There are cubic fourfolds [Has16] whose Hodge structures show the trace of several derived equivalent K3 surfaces. However, these are not known to be rational. Nevertheless, this raises a question: 
induce an isomorphism T (R) ≃ T (R)?
In other words, are derived equivalences of K3 surfaces induced by birational maps? It makes sense to start with the case where P ≃P ≃ 4 . Are derived equivalences of K3 surfaces induced by Cremona transformations?
This last question may be too ambitious, as the base loci of Cremona transformations are highly constrained. According to Crauder and Katz [CK89] , the Cremona transformation of 4 which can be resolved by blowing up along a smooth and irreducible surface S ⊂ 4 occurs as one of the following two cases:
(1) S is a quintic elliptic scroll S = C (E), where C is an elliptic curve and E is a rank two vector bundle with e = − deg( 2 E) = −1. (2) S is a degree 10 determinantal surface given by the vanishing of the 4 × 4 minors of a 4 × 5 matrix of linear forms.
Here we present an example where derived equivalences of K3 surfaces are explained through Cremona transformations, and offer further evidence that such examples are quite rare. We can explain derived equivalences among degree 12 K3 surfaces in this way; however, we do not know how to realize derived equivalences of higher degree K3 surfaces.
Our construction gives new examples of zero-divisors in the Grothendieck ring of complex algebraic varieties. The difference of each derived equivalent pair is non-vanishing in the ring and annihilated by the class of the affine line. The first example in this direction is given by the PfaffianGrassmannian Calabi-Yau threefolds [Bor15, Mar16] . Other examples include Calabi-Yau threefolds from Grassmannians of type G 2 [IMOU16a, Kuz16] . Kuznetsov and Shinder [KS16] have formulated general conjectures relating derived equivalence to zero-divisors in the Grothendieck ring; our example is an instance of [KS16, Conj. 1.6]. The relationship between zero-divisors in the Grothendieck ring and approaches to the rationality of cubic fourfolds is discussed in [GS14] .
Section 1 presents preliminary results on Cremona transformations with singular base loci. The construction of our rational map is in Section 2 and we verify the non-trivial derived equivalence in Section 3. We apply the results to study the Grothendieck ring in Section 4. Section 5 shows these constructions do not admit obvious extensions through a generalization of the classification of Crauder and Katz; the underlying computations are also used to analyze the maps defined in Section 2.
1. Cremona transformation with singular base locus 1.1. Terminology and notation. A Cremona transformation of n is a birational map f : n n . Its base locus Bs( f ) is the subscheme where f is undefined.
Throughout this paper, we consider the Cremona transformation f : 4 4 with base locus resolved by blowing up an irreducible surface S , with singular locus consisting of transverse double points, which means a point where the surface has two smooth branches meeting transversally.
Suppose S has δ transverse double points which form a subset ∆ ⊂ 4 . The blowup of 4 along S can be factored as follows:
(1) Blow up 4 along ∆, introducing δ exceptional divisors E 1 , ..., E δ isomorphic to 3 . Let P denote the resulting fourfold and S ′ the proper transform of S , which is now smooth.
(2) Blow up P along S ′ to obtain P ′ . Let E denote the resulting exceptional divisor and E 
Remark. The blowup X → 4 has a quadric surface Q i , i = 1, ...δ, over each transverse double point of S . Then P ′ is obtained as the blowup of X along these quadrics.
Let π 1 : X → 4 be the blowup along S and π 2 : X → 4 the resolution of f so that π 2 = π 1 • f . We organize these maps into a diagram:
Note that, by the definition of blowup, X is exactly the graph of f . Let L (resp. M) denote the divisor of the hyperplane class of the left (resp. right) 4 . We also use L (resp. M) to denote its pullbacks to X, P and P ′ (resp. X and P ′ ). It's clear that L 4 = 1. We have
We may interpret n and ξ as the degrees of the homogeneous forms inducing f and f −1 respectively. Define m as the multiplicity of S in the base locus. It is clear that
Since a nondegenerate subvariety in projective space has degree greater than one, the linear system in |M| inducing P ′ → 4 must be complete. Thus we have
We use these equations in our classification of Cremona transformations below.
1.2. Computing the intersection numbers. Let Σ denote the normalization of S and let K Σ be its canonical class. Then the blowup of Σ along the preimage of the transverse double points is isomorphic to S ′ . We denote by C a general sectional curve of S and also its preimages in Σ and
are exactly the exceptional curves on S ′ over the i-th double point.
Proof. L
4 be the blowup. The blowup formula for Chern classes gives
Thus we have
We have c 2 (N S ′ /P ) = d 2 − 4δ. On the other hand
and also
Construction of our example
In this section, we use Mukai's construction [Muk88] to produce an explicit example of a degree 12 K3 surface R ⊂ 7 together with three points p 1 , p 2 , p 3 ∈ R. This example helps us prove the following theorem: 
Here we choose an isomorphism ¼ ≃ det W. This induces an isomorphism 4 W ≃ W * . Let x = (x 0 , ..., x 15 ) be the homogeneous coordinate for 15 . Then (2.1) can be explicitly written down as ten quadrics: (2.2)
2.2. An explicit example. Mukai [Muk88, §3] proves that a generic K3 surface of degree 12 appears as a linear section of OG(5, V) and vice versa.
For example, the 7 ⊂ 15 spanned by the rows of the 8 × 16 matrix 
cuts out a degree 12 K3 surface R on OG(5, V). More explicitly, let z = (z 0 , ..., z 7 ) be homogeneous coordinates for 7 . We define the inclusion ι : 7 ֒→ 15 by
Then we get R = ι −1 (OG(5, V)). The last three rows of H are chosen as solutions of (2.2) so that they form a triple of points Π = {p 1 , p 2 , p 3 } ⊂ R. With this choice the projection from Π is exactly the map π :
which takes R to S = π(R).
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We manipulate this example in a computer algebra system 1 over the finite field ¿ 7 . We compute that S is singular along three transverse double points {a 1 , a 2 , a 3 } and is the base locus of a Cremona transformation f :
Moreover, the base locus of the inverse ( f ) −1 is again a surface T singular along three transverse double points {b 1 , b 2 , b 3 }. The matrix H is chosen such that the preimage of {a 1 , a 2 , a 3 } on R and the preimage of {b 1 , b 2 , b 3 } on the normalization of T are ¿ 7 -rational points. This is the smallest field where our computer could quickly find such an H.
2.3.
Proof of Theorem 2.1. We prove Theorem 2.1 for our example first.
We confirm the following properties by computer over ¿ 7 :
(1) S is singular along three points. The preimage of each singular point on R has two points outside Π. So they are transverse double points. (2) The ideal of S is generated by five quartics f 0 , ..., f 4 . The double-point formula [Ful98, Thm. 9.3] indicates that the three transverse double points of (1) exist over characteristic zero. Indeed, let ǫ : Σ → S be the normalization. Then Σ is isomorphic to R blown up at three points. The double-point class ½(ǫ) ∈ CH 0 (Σ) is given by the formula
It's easy to verify that ½(ǫ) = 6. The quantity 1 2 ½(ǫ) = 3 counts the number of singularities on S with multiplicity if the singular locus is a finite set. Therefore (1) implies that the singular locus of S consists of three transverse double points. This proves Theorem 2.1(1).
The five quartics f 0 , ..., f 4 lift to a basis f 0 , ..., f 4 for the ideal of S over characteristic zero. In particular Theorem 2.1(2) holds. The forms f 0 , ..., f 4 define a rational map Inserting these data into (5.2) we get M 4 = 1, i.e. the map f is birational. Thus Theorem 2.1(3) holds.
1
The main program we use in this work is Singular [DGPS15] 8
The inverse ( f ) −1 can be calculated by computer. It consists of five quartics also and the base locus is a surface T singular along three points. These are transverse double points since each point has two preimage points on the normalization. By the same reasons as above, the base locus of f −1 is again a surface cut by five quartics and singular along three transverse double points. Then Theorem 2.1(4) follows from Theorem 5.1.
Next we prove Theorem 2.1 in the generic case. It's clear that (1), (2) and (3) of the theorem are open conditions, so they hold for a generic example. As a consequence of Theorem 5.1, property (4) holds once Bs( f −1 ) is a surface cut out by five quartics and singular along three transverse double points. These are open conditions again so Theorem 2.1 holds for a generic example.
2.4. Some geometry of the construction. Let f be a Cremona transformation of Theorem 2.1. It has a resolution
Let S L and S M be the base locus of f and its inverse f −1 , respectively. Then π 1 is the blowup along S L . Recall that X coincides with the graph of f as well as f −1 . Therefore, π 2 is the blowup along S M . This example has d = 9, K Σ C = 3, c 2 (Σ) = 27, δ = 3 and
Evaluating Lemmas 1.1 and 1.2 with this data yields Corollary 2.2. We have
Let X 0 , ..., X 4 be the homogeneous coordinates for 4 . The Cremona transformation f is ramified along the locus Θ where the Jacobian matrix
is degenerate. So Θ is a degree 15 hypersurface in 4 defined by
This locus is called P-locus, which is classically defined as the image of the exceptional divisor of the blowup π 2 [Dol12, §7. Proof. Let m be the multiplicity of Θ along S L . Then the divisor class of its pullback to X equals
Here we use E X to denote the exceptional divisor of the blowup π 1 . Because Θ is contracted onto a surface, we have
By definition, E X is mapped onto the P-locus of the inverse map f −1 . In particular, it is again a degree 15 hypersurface in 4 by symmetry. So M 3 E X = 15, which implies m = 4. Let F X be the exceptional locus of the blowup π 2 . We have
(Note that this equals 15L − 4E X = Θ X ) The fiber of the map F X → S M over a smooth point is represented by the class
The image l = π 1 (l X ) is a rational curve of degree
The intersection number between l and S L can be computed by
Hence the fibers of F X → S M away from the double points is mapped by π 1 to 4-secant lines to S L . In other words, S L admits a family of 4-secant lines parametrized by the smooth locus of S M . Conversely, every 4-secant line l to S L satisfies
So l is contracted to a point by f . Hence the union of the 4-secant lines to S L forms a 3-fold contained in Θ and thus coincides with Θ. M between the Hilbert schemes of length three subschemes.
3.1. Derived equivalences and general strategy. Let R andR denote K3 surfaces and T (R) and T (R) the corresponding transcendental lattices. Recall that R andR are derived equivalent if and only if T (R) and T (R) are Hodge isometric [Orl97] . Suppose that R has Picard rank one and degree 2n. Let τ(n) be the number of prime factors of n. Then the number of isomorphism classes of K3 surfaces derived equivalent to R is equal to 2 τ(n)−1 [HLOY03] . Thus a general degree 12 K3 surface admits a unique such partner.
Our general approach is to prove that T (R L ) is isometric to T (R M ) by showing that both of them can be identified as the transcendental sublattice of H 4 (X, ). Then we show that the induced isomorphism on the discriminant groups is nontrivial, which implies that R L and R M are not isomorphic to each other.
3.2. The middle cohomology of X. Retain the notation of Section 1. Let H L be the polarization of R L . Let F 1 , F 2 and F 3 be the exceptional curves from the projection R L S L . We consider H L , F 1 , F 2 and F 3 as curves on S L . Their strict transforms H L , F 1 , F 2 , F 3 on X together with L 2 and the quadrics Q 1 , Q 2 , Q 3 form a rank 8 sublattice A L (X) ⊂ H 4 (X, ). We have
where I 3×3 is the identity matrix of rank 3.
Lemma 3.3. There is a decomposition
where H 4 (X, ) alg is the sublattice spanned by algebraic classes. We have
when R L has Picard number one. Here we use Λ(−1) to denote a lattice Λ equipped with the negative of its original product.
Proof. We apply the blowup formula for cohomology to the composition P ′ → P → 4 and the map P ′ → X to obtain two decompositions for H 4 (P ′ , ). Then we compare them to get our result.
For every i, we have
With these it's straightforward to prove the isometry
By the description of the map E i Q i , the two fiber classes on
Combining (3.3) and (3.4) we get
Both Q i and E
where
Lemma 3.3 also proves the decomposition
from the side of f −1 . So there is an isometry 
such that ϕ = ϕ A ⊕ ϕ T with respect to the decompositions. It induces the commutative diagram
These groups are all isomorphic to /12 . From the intersection matrix (3.1) we know that dA L (X) is generated by − H L /12. Similarly, dA M (X) is generated by − H M /12 where H M is the polarization of R M and H M is the strict transform on X.
Lemma 3.5. We have the following equations in H 4 (X, )
Proof. The following computation is based on Corollary 2.2. Assume that
Then a = L 2 M 2 = 7. For i = 1, 2, 3, we have
Let C be the strict transform of the sectional curve C on P ′ . Note that
and thus (3.5)
We also have
By the Cauchy-Schwarz inequality
3 ). Applying (3.5) and (3.6) we get (−12b − 24) 2 ≤ 3(12b 2 − 60), i.e.
The only integer solution is b = −3. Because (3.7) becomes an equality in this case, we have ( f 1 , f 2 , f 3 ) = f (1, 1, 1) for some integer f . We obtain f = 4 by setting b = −3 in (3.5). As a result, we find
Next, assume that
Rearrange to obtain (3.8)
Applying the symmetry again, we get
− 126 and combining with (3.8) gives (3.9)
, from which we obtain (3.10) f
By the Cauchy-Schwarz inequality,
. Add the two inequalities and then apply (3.10) to get The only integer solution is b = −17 which makes (3.13) an equality. This forces (3.11) and (3.12) to be equalities also. Therefore ( f 1 , f 2 , f 3 ) = f (1, 1, 1) and (g 1 , g 2 , g 3 ) = g(1, 1, 1) for some integers f and g. We get f = 24 from (3.8) and g = 12 from (3.9). As a consequence, 
as a map from A M (X) to A L (X). Therefore
Remark. By the symmetry the Cremona transformation f , the rank-8 lattice H 4 (X, ) alg is also spanned by the classes
constructed in a similar way from the right-hand side. Here G 1 , G 2 , G 3 are from the exceptional curves and K 1 , K 2 , K 3 are from the transverse double points. The full transformation between the two set of bases is 
This expression is unique up to the ordering of the exceptional curves and the transverse double points on each side. The top two rows are computed by Lemma 3.5. The other rows can be computed in a similar way. Assume R L and R M have Picard number one. Suppose they are isomorphic. Then there is an isometry
which induces the isomorphism
By Proposition 3.6, the composition ϕ A • θ is an automorphism on T (R L ) acting as multiplication by 7 on dT (R L ). This contradicts the fact that the only automorphism on T (R L ) is the identity [Ogu02] . Hence R L and R M can't be isomorphic to each other.
Next we prove the corollary. The corollary is trivial if R L and R M are isomorphic, so we assume that they are non-isomorphic.
Given a generic triple of points
L , we determine a degree 12 K3 surface R M and a triple of points Π M ∈ R M . Recall that a pair of derived equivalent K3 surfaces of degree 12 uniquely determines each other up to isomorphism. So R M is independent of the choice of
L by Theorem 3.1. Hence there is a rational map
It is birational because Π L is uniquely determined by Π M through the same process as above.
3.5. Connections between our construction and other approaches. The derived equivalence and geometric connections between the degree 12 K3 surfaces (R L , H L ) and (R M , H M ) admit several interpretations. 
equipped with a weight-two Hodge structure, i.e., the standard Hodge structure on the middle summand and the outer summands taken as (1, 1) classes. This is polarized by
Each coherent sheaf E yields a Mukai vector
where r(E) is the rank and r(E) + s(E) = χ(E). Mukai [Muk87] has shown that the second cohomology of a moduli space M v (R) may be expressed
provided v is primitive and satisfies certain technical conditions. A derived equivalence between R andR induces an isomorphism of Hodge structures
which may be chosen so thatR = M v (R) with Φ(v) = (0, 0, 1).
We return to our degree 12 K3 surfaces R M and R L . We may interpret R M as a moduli space of vector bundles on R L and vice versa [Muk99] . Let M (2,H L ,3) (R L ) denote the moduli space of rank-two stable bundles E with
and Φ restricts to the isogeny on transcendental cohomology mentioned in §3.1. It follows formally that Φ(1, 0, −2) = (−1, 0, 2), thus after a shift the Mukai vector of ideal sheaves of length-three subschemes of R L goes to the Mukai vector of length-three subschemes of R M . We obtain an isomorphism
M , ) of Hodge structure arising from Mukai lattices. Thus the Torelli Theorem [Mar11, Cor. 9.9] yields a birational equivalence
M .
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Corollary 3.2 is quite natural from this perspective.
Remark:
We also have Φ (1, 0, −1) = (1, H M , 5) It would be interesting to construct the Cremona transformation through this mechanism, by introducing the data of the three points on the K3 surface into the duality construction.
Zero divisors in the Grothendieck ring
Let K 0 (Var/¼) denote the Grothendieck ring of complex algebraic varieties. It is the abelian group generated by isomorphism classes of complex algebraic varieties subject to the relation When X is a generic K3 surface of degree 12, Ito, Miura, Okawa and Ueda [IMOU16b] proves that there exists Y non-trivially derived equivalent to X such that (4.1) holds for k = 3. Actually, it can be improved to k = 1 straightforwardly from the point of view of the Cremona transformation. 
Proof. Recall that Σ L is the normalization of S L as well as the blowup of R L at three points. Hence we have
From the blowup π 1 : X → 4 we obtain (4.2)
By symmetry, we also have
Subtracting (4.3) from (4.2) we get 
Exclusion of alternative constructions
This section shows that there exists just one class of Cremona transformations of 4 that can be resolved by blowing up an irreducible surface S with transverse double points, i.e., the class constructed in Section 2. Recall that [CK89] classified the case where S is smooth. The remainder of this section is devoted to the proof of Theorem 5.1. 5.1. Extracting Diophantine equations. By Lemmas 1.1 and 1.2, equation (1.3) can be expressed as
Similarly, equation (1.1) can be expressed as
and equivalently as
The two formulas follow from the two expressions Lemma 1.2 (3) and (3') for E 4 , respectively. The right-hand sides of these equations are arranged as polynomials in n and m. Note that only the coefficients of m 4 reflect the appearance of transverse double points. .2) and only the terms with power of m up to two matter, so transverse double points don't change the result. Therefore the same elimination process works and we obtain the same list. 
is a scalar, thus A and B are dependent, a contradiction. As a result, there exists an i such that A 2 X i and ABX 0 , ..., ABX 4 form an independent subset of H 0 ( 4 , I 2 S (9)). Thus h 0 ( 4 , I 2 S (9)) ≥ 6 > 5, a contradiction. Assume Case (f) holds. Suppose h 0 ( 4 , I S (4)) = 0. Then h 0 ( 4 , I S (k)) = 0 for all k ≤ 4. Now we consider the map (5.5) Since the Néron-Severi group of R has rank two, we conclude that Σ is the blowup of R along five points on distinct fibers, and R is ruled over the elliptic curve Σ ′ . Let h be the class of a section on R and f be the class of a fiber so that Now we are in Situation (3). Let F 1 , ..., F k be the exceptional curves on Σ relative to r and let H be the very ample divisor on Σ ′ which defines s. Then
and it follows that We claim that Σ ′ is a K3 surface. Indeed, its Kodaira dimension κ 2 since K Σ ′ H = 0. If κ = 1, then Σ ′ has minimal model R an elliptic surface, such that nK R is numerically equivalent to a positive linear combination of 27 some fiber classes if n is large enough [Bea96, Prop. IX.3 ]. This implies that K Σ ′ is numerically effective which contradicts to the fact that K Σ ′ H = 0. If κ = −∞, then h 1,0 (Σ ′ ) = 0 and thus 1 ≥ χ(O Σ ′ ) = 2, a contradiction. As a result, Σ ′ has κ = 0 and thus is a K3 surface. Besides, the birational map R Σ → S can be realized as the projection from three points on R. Furthermore, the fact that δ = 3 can also be verified directly by the double-point formula as in Section 2.3.
